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Figure 1: Three approaches to graph theory exercises: abstraction on paper (ABST ), manipulated concreteness on tablet (MNPL),
and embodied concreteness in Virtual Reality (EMBD).

ABSTRACT
Abstract mathematics can be difficult to grasp, in part because it

relies on symbols and formalisms that are powerful yet meaningless

to novices unless grounded in concreteness. Although a wide cor-

pus of research focuses on concreteness in mathematics education,

the notion of concreteness can be apprehended in various ways and

it is not yet clear which specific aspects of concreteness help the

learners. In this paper, we explore embodiment as a form of con-

creteness to ground abstract mathematics. First, we designed and

evaluated an embodied learning activity on graph theory. Through

a user study with 89 participants, we then compared three ap-

proaches: abstraction, manipulated concreteness, and embodied

concreteness. Our results show that, compared to abstraction, both

forms of concreteness increase learners’ perceived attention, con-

fidence, and satisfaction. However, only embodied concreteness
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increases perceived relevance and grounding. Moreover, unlike ma-

nipulated concreteness, embodied concreteness does not impair

learning outcomes nor transfer abilities.
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1 INTRODUCTION
Studies in math education indicate that many students hold unpro-

ductive beliefs about mathematics: they believe mathematics has

nothing to do with the real world, and that one must learn solu-

tions to math problems by heart [75]. For many of these students,
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mathematics is difficult to grasp. This is, in part, due to the fact that

some of the most powerful aspects of mathematics rely on abstract

symbols and formalisms that have no meaning, unless grounded in

concreteness and provided with an interpretation [33, 34, 58, 91].

But when we talk about abstract mathematics, what are we

really talking about? When a mathematician claims that she loves

abstraction, while a student protests that he dislikes mathematics

because “it is too abstract”, are they really talking about the same

thing? Similarly, when said student wishes mathematics were more

concrete, is a concrete example truly the solution?

There is a verbal dispute in the field of concreteness for mathe-

matics education. Although concreteness has been widely explored

as a means to ground abstract mathematics, experts do not always

align on their usage of the terms “concrete” and “abstract”. For

example, looking at only two papers in the field [28, 66], we found

that the word “concrete” was associated with a wide range of terms:

meaningful, familiar, well-understood, physical, grounded, pictural,

perceptual, enactive, real-life, context-specific, and informal. In con-

trast, the word “abstract” was linked to: general, structural, portable,

symbolic, vague, schematic.

What makes a good concrete example? Is it meaningfulness or

physicality? Moreover, what is there to appreciate in abstraction?

Is it generality or vagueness?

In this paper, we describe different kinds of concreteness, and

offer an embodied perspective on the matter. Indeed, both embodied

cognition and embodied interaction theories highlight the major

role of users’ bodies in meaning-making processes and grounding

abstract concepts in the real world [21, 58, 79]. To illustrate the

grounding capabilities of embodied concreteness in mathematics

education, we designed and implemented an embodied activity

to teach graph theory. We then used our activity in a user study

to demonstrate the effect of different kinds of concreteness on

motivation and learning outcomes. Specifically, we compared three

approaches: abstraction, manipulated concreteness, and embodied

concreteness.

Our paper illustrates the importance of rigorously defining con-

creteness and contributes with empirical evidence in favor of em-

bodied concreteness for grounding abstract mathematics.

2 RELATEDWORK
In this section, we discuss the role of concretenesses in learning

abstract mathematics, and describe embodied approaches in this

context.

2.1 Learning by grounding in concreteness
Learning abstractmathematics is difficult, in particular as, to novices,

the related concepts and meaningless conventional symbolic sys-

tems can be difficult to grasp [33, 34]. One way of addressing this

issue is by grounding mathematics in concreteness. Grounding

is the process of mapping “novel ideas and symbols to modality-

specific experiences that are personally meaningful” [58]. In partic-

ular, through grounding, a mapping is “formed between an idea or

symbol, and a more concrete referent, such as an object, movement

or event in the world - as well as mental re-enactment of these

experiences - in service of meaning-making” [17, 58].

2.1.1 Concretenesses. Before going any further, we ought to define
the term “concreteness”. Indeed, although concreteness is often

discussed in mathematics education, experts do not always align

on their definition of concreteness. Identifying such verbal disputes

is crucial as they can be tools for progress [11]. In this section, we

highlight some of the main definitions of “concreteness” in the field

of mathematics education.

First, an element can be thought as concrete if it can be touched,

felt, smelt, kicked: if it can be sensed [93]. In that sense, a flower is

more concrete than intelligence. This aspect can be influenced by

technology, as certain elements can be made visible, for example

light paths [26], or tangible, for example chemical forces [57]. This

concreteness is also influenced by the learners’ bodies, as they are

central to sensory perception [43, 79].

Second, in fields such as mathematics and computer science,

an element is often qualified as more concrete if it is more spe-

cific, constrained, precise, as opposed to general, overarching, and

reusable [93]. For example, the sequence "{1, 2, 3}, List<int>, List<T>"

evolves from more concrete to more abstract. This concreteness

depends solely on the element itself and its context.

Finally, Dewey contrasts a concrete element that can be “readily

apprehended by itself” to a more abstract one that can be “grasped

only by first calling to mind more familiar things and then trac-

ing out connections between them and what we do not under-

stand” [18]. Here, an element is more concrete if it is more relatable,

familiar, or imaginable, and abstract if it is unrelatable, unfamiliar,

or unimaginable. With this definition, concreteness is not a prop-

erty of the element alone, but rather a property of the element as

perceived by the learner [93]. For example, Papert explains how

a gears mechanism was a “comfortable friend” that helped him

grasp the “otherwise abstract” concept of equations [63]. From this

perspective, learning is a process of concretion, where one grows

connections with an abstract element until it is relatable, and in

that sense, concrete [93].

This distinction is important as not all concretenesses align. For

example, the mathematical expression 2G − 4 = 0 is abstract as it

has no smell, and cannot be touched. However, for a mathematician,

it can be very concrete as it is relatable and familiar. Working with

this distinction is important to clearly identify the specific aspects

of concreteness that are beneficial for grounding and, therefore,

impact learning.

In this work, we consider different kinds of concreteness. More-

over, we do not consider concreteness and abstraction as categories

separating elements into two sets, but as relative concepts dis-

criminating elements along a spectrum. Therefore, in this work,

the words “concrete” and “abstract” stand for “more concrete” and

“more abstract”. Moreover, in our concreteness study, we define

our conditions from the most abstract condition, to which we add

elements of concreteness. Therefore we refer to the most abstract

condition as “abstract” and the other conditions as “concrete”.

2.1.2 Grounding in concreteness. Several ways of grounding math-

ematics in concreteness have been explored, with mixed results.

Kaminski et al. showed that using concrete, specific, relatable ex-

amples, as opposed to using abstract representations, is detrimental

to transfer of knowledge [42], that is applying said knowledge to

related yet different problems [65]. However, a replication of this
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study showed that the advantage of abstract representations disap-
peared when improving the concrete examples to make them more
intuitive and less distracting [88].

Beyond visual representations, manipulable representations have
also been explored, and show great potential in mathematics educa-
tion [10]. In particular, the use of concrete manipulatives increases
retention, problem solving, transfer, and justi�cation scores over
more abstract symbols [10].

When grounding mathematical concepts in concreteness, the
process used is also of importance. For example, simultaneous mul-
tiple representations can help students ground abstract content to
more visual artifacts [68]. However, several issues might arise. First,
the representation dilemma: as students have to conjointly learn the
novel content and the novel representation, one has to ensure that
the bene�ts of the novel representation exceed its cost [68]. Second,
using representations that are related but spatially or temporally
distant can result in a negative split attention e�ect [84]. Another
approach to grounding in concreteness is �concreteness fading�, an
instructional design building sequentially from a concrete, speci�c,
relatable example to the corresponding abstract, general represen-
tation [53, 82]. Concreteness fading was proven bene�cial over
using solely concrete examples or abstract representations and
over progressing from abstract to concrete representations [27, 28].
Traditionally, concreteness fading evolves from an enactive repre-
sentation, to an iconic representation and concludes with a symbolic
representation [82]. But other forms of concreteness could be ex-
plored as well, and, we believe, this �eld could also bene�t from
a clari�cation of the role of di�erent aspects of concreteness in
learning.

In this work, we explore the in�uence of di�erent forms of con-
creteness on grounding, in the context of abstract mathematics. In
particular, we focus on manipulated concreteness and embodied
concreteness, described in the following section.

2.2 Learning through embodiment
Another way of grounding abstract mathematics is through embodi-
ment. In this section, we de�ne embodiment via embodied cognition
and embodied interaction theories, and argue that embodiment can
also be studied as a form of concreteness.

2.2.1 Embodied cognition.Embodied cognition theory stipulates
that learners' bodies are involved in the learning process, either
through action and manipulation, or as the primary constituent of
cognition [2, 54]. From this perspective, thinking is described as a
form of truncated action, where the sensorimotor processes related
to the action are engaged, but not tangibly expressed externally [1].
Moreover, cognition is also situated: that is, the construction of
knowledge happens through interaction with a temporal and phys-
ical environment [70].

Although mathematics is often though as disembodied, experts
argue that the essence of mathematics arises from our embodied and
situated relationship with our environment [50] and that discarding
the embodied account is detrimental to mathematics education [1].
In conclusion, sense-making of abstract concepts is grounded in
our embodied and situated relationship with the world [73].

Embodied approaches to mathematics learning have been ex-
plored, in non-digital as well as digital forms [87]. For example,

directed bodily actions improved the quality of students' proofs in
geometry [59]. Moreover, embodied approaches have been used to
build on the need of children for sensory regulation by integrating
�dgeting and balancing in the learning activity [86]. Furthermore,
direct embodied and enacted approaches have been explored to
teach derivatives, demonstrating the importance of aligning the de-
sign of the learning activity with the design of the interaction [13].

2.2.2 Embodied interaction.In turn, proponents of embodied in-
teraction insist that interaction design should be tightly connected
with the physical and social context of the interaction with digital
content [21]. Instead of solely considering users' bodies as physical
entities utilized to embed the interaction in a 3D context (Körper),
the embodied interaction perspective suggests to focus on users'
bodies as feeling entities (Leib) [56]. Moreover, approaches such as
somaesthetic appreciation design describe how users' bodies can
be integrated in the design process [35].

Embodied interactions have been investigated in playful as well
as learning activities. Chatain et al. described the Digital Gloves
mechanism, co-locating input and display, as a mean to bring users'
bodies at the core of the interaction and reduce split attention ef-
fects [14]. Pei et al. explored hand gestures and mimes as novel
hand interfaces to interact with digital content, for example by
mimicking scissors to cut digital paper [64]. Focusing on physi-
cal context, Gervais et al. demonstrated how interaction can be
expanded beyond the computer screen to the entire desk of the
user [31].

Hereinafter, we use the more general term �embodiment� as
�embodied interaction for embodied meaning-making�. Embodi-
ment can be implemented at di�erent degrees, based on three con-
structs: sensorimotor engagement, gestural congruency, and im-
mersion [41]. In this paper, we de�ne �embodied concreteness� as
a form of concreteness that involves a high degree of embodiment,
in a situated and relatable context.

3 DESIGN
We started by designing and implementing an activity to ground
graph theory in embodied concreteness. In this project, we focus on
the max-�ow problem [25, 72], where, given a graph, the student
has to maximize the amount of �ow traveling from the Source (S) to
the Sink (T), while respecting the maximum capacity of the edges,
and the fact that vertices cannot store units (Figure 2).

Figure 2: Example of a valid �ow graph, as well as suggested
modi�cations (in red, above) to maximize the �ow value of
the graph.

In this section, we describe how we designed, implemented, and
validated our embodied concreteness activity.
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